CURVATURE BOUNDS ON SUBANALYTIC SPACES

ANDREAS BERNIG

ABSTRACT. Curvature bounds which play the role of Ricci, scalar curva-
ture and Einstein tensor bounds are introduced for subanalytic topolog-
ical manifolds. It is shown, using metric properties of subanalytic sets,
that an upper (lower) bound on the sectional curvature in the sense of
Alexandrov implies an upper (lower) bound on the Ricci curvature and
on the Einstein tensor. In the same way, an upper (lower) bound on
the Ricci curvature or on the Einstein tensor implies an upper (lower)
bound on the scalar curvature.

1. INTRODUCTION

We recently showed that there is no reasonable notion of Ricci tensor for sub-
analytic spaces, whereas one can define an Einstein tensor for such spaces
([5]). Using some heuristics, one can still guess, by looking at the Ein-
stein tensor, what Ricci curvature bounds on subanalytic spaces could look
like. The aim of this paper is to define and study such curvature bounds.
We construct a complete theory of curvature bounds for subanalytic spaces
including sectional curvature, Ricci curvature, Einstein tensor and scalar
curvature. The main theorem states roughly that all classical implications
between such curvature bounds also hold in the subanalytic context. It is a
generalization of the theorems in [1] and [2], the proof presented here being
easier thanks to the use of quasi-geodesics.

Let M be a real analytic manifold endowed with a Riemannian metric g.
Consider a compact subanalytic subset X C M. For the definition of suban-
alytic sets, see 3.1. We suppose that X is a connected topological manifold
of dimension n. The metric g of the ambient space M induces a length
metric d on X. Any two points in X can be connected by a (not necessarily
unique) geodesic, i.e. (X,d) is a geodesic metric space.

We define curvature bounds which will play the same role as Ricci, scalar
curvature and KEinstein tensor bounds on Riemannian manifolds. For the
case of sectional curvature, we can use the existing theory of Alexandrov
spaces with lower or upper curvature bounds.

For Ricci and scalar curvature and the Einstein tensor, we use a Verdier
stratification of X (see 3.2). Strata of highest dimension are just Riemannian
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manifolds and therefore have a Ricci tensor, an Einstein tensor and a scalar
curvature. A neighborhood of a point x of a stratum .S of codimension 1
(i.e. dimension n — 1) is the union of S with two C''-manifolds I';, 'y with
boundary S. The tangent space of I';,i = 1,2 at x splits as 1,5 @ Rvi,
where vi is a unit vector pointing to I';.

We define the second fundamental form of S in X at the point x by setting
IT(u,u) = 1'[1}1+ (u,u) +II“3 (u,u). In other words, we consider S as bound-
ary of I'y and I's, take the corresponding second fundamental forms and add
them.

We also need the density of X at a point € X. This is the limit (X, z) :=
lim, o, %, where H" denotes n-dimensional Hausdorff volume
and b, is the volume of the unit ball in R™. The limit exists by a theorem
of Kurdyka-Raby ([19]). Instead of taking the ball B(z,r) of the ambient
space, we could as well take the ball B;(x,r) for the induced length metric

on X. The corresponding density is the same by an easy argument in [1].
The main definition is the following.

Definition 1.1. Curvature bounds on subanalytic spaces

Let X be a compact subanalytic subset of a real analytic manifold M, en-
dowed with a Riemannian metric g. Suppose that X is a topological mani-
fold. Let k be a real number.

e X has sectional curvature bounded from above (below) by k, if (X,d)
is a metric space with curvature bounded from above (below) by Kk in
the sense of Alexandrov (see Section 2 for details).

e X has Ricci curvature bounded from above (below) by (n — 1)k, if for
one Verdier stratification (and then for all such stratifications) the
following three conditions hold:

— On a highest dimensional stratum S , ric < (n — 1)kg|g (ric >
(n — 1)kgls), where ric is the (0,2) Ricci tensor of S.

— On a stratum S of codimension 1, I1 <0 (II >0).

— For all points x € X, (X, z) > 1 ((X,z) <1).

e X has Einstein tensor bounded from above (below) by (ngl)li, if for
one Verdier stratifications (and then for all such stratifications) the
following three conditions hold:

— On a highest dimensional stratum S , E := 5g —ric < (”gl)/ﬁg]g
(E > ("y")rgls)-

— On a stratum S of codimension 1, trIIg|g — II <0 (trIIg|s —
11>0).

— For all points x € X, 0(X,z) > 1 ((X,z) <1).

e X has scalar curvature bounded from above (below) by n(n — 1)k, if
for one Verdier stratification (and then for all such stratifications) the
following three conditions hold:

— On a highest dimensional stratum S , s <n(n— 1)k (s > n(n —
1)k ), where s is the scalar curvature of S.

— On a stratum S of codimension 1, trII <0 (trII1 >0).

— For all points x € X, (X, z) > 1 ((X,z) <1).
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As a first example, note that these curvature bounds reduce to the classical
bounds if X is a smooth submanifold of M. What is more interesting is
that our definition moreover takes care of the singularities of X. If X is
twodimensional and subanalytic, then sectional, Ricci and scalar curvature
bounds all agree, as in Riemannian geometry. However, this is not so easy
to see. It follows from the results of [10].

The simplest relation between curvatures in Riemannian geometry is the
fact that bounds on the sectional curvature imply bounds on Ricci curvature
and Einstein tensor, whereas bounds on Ricci curvature as well as bounds
on Einstein tensor imply bounds on scalar curvature. The question arises if
this is also the case in the subanalytic setting. The (positive) answer is the
main result in this paper.

Theorem 1. Comparison theorem

Let X be a compact subanalytic subset of a real analytic manifold M,
equipped with a Riemannian metric g. Suppose that X is a topological man-
ifold of dimension n.

e If X has sectional curvature bounded from above (below) by k, then
its Ricci curvature is bounded from above (below) by (n — 1)k and its
FEinstein tensor is bounded from above (below) by ("51)5.

e If X has Ricci curvature bounded from above (below) by (n — 1)k, or
if X is of dimension > 3 and has Einstein tensor bounded from above
(below) by (";1)/1, then its scalar curvature is bounded from above
(below) by n(n — 1)k.

The obvious corollary that a bound s on the sectional curvature implies a
bound n(n — 1)k on the scalar curvature was proved in [1] and [2] (with a
slightly weaker notion of bounds for scalar curvature). In comparison to the
cited papers, the proof presented here is easier in some respects. First of
all, a better understanding of the density in metric spaces is obtained by
using the (easy) Propositions 2.4 and 2.5. Secondly, the case of strata of
codimension 1 is simplified by using Proposition 4.1. This proposition is the
main technical argument in the proof of the comparison theorem, since it
relates the metric geometry of X near a stratum of codimension 1 to the
second fundamental form of the stratum. For the proof, we have to use all
we know about subanalytic spaces. In particular, Pawtucki’s theorem gives
a better insight in the local structure near such a stratum, the Verdier and
Whitney conditions are used several times and estimates on the length of
geodesics are proved. Finally, the theory of quasi-geodesics is applied in
combination with Proposition 4.1 to give a shorter and more general proof
in the case of lower curvature bounds.

Our main theorem is a satisfactory generalization of the classical impli-
cations between curvature bounds and shows that the definition of Ricci
curvature bounds is the right choice. However, the generalization of the
classical Bochner and Myer theorems would require a more detailed study
of geodesics on subanalytic spaces, including a second variation formula.

Let us mention that there exists a theory of collapsing for lower Ricci cur-
vature bounds by Cheeger-Colding ([13]). In particular, they also define
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(lower) Ricci curvature bounds on metric spaces, but new ideas would be
necessary to compare with our bounds. The reason is that one knows too
less about volumes of (metric) balls on subanalytic sets.

Thanks. This research was carried out with the help of DFG Grant 2484 /1-
2 at the university of Zurich. I would like to thank the DFG for their support
and Viktor Schroeder for hospitality during my stay at Zurich.

2. ALEXANDROV SPACES WITH CURVATURE BOUNDED FROM ABOVE OR
FROM BELOW

2.1. Geodesic spaces and curvature bounds. We can not give here, of
course, a satisfactory treatment of spaces with curvature bounds. We refer
the reader to [11], [9] and [12] for much more details and proofs. However,
we will include some basic notions and properties in order to make this paper
as much self-contained as possible.

In a metric space (X,d), a geodesic is the image of an isometry [0, L] —
X,L > 0. Equivalently, a geodesic between z,y € X is a path of length
d(x,y) between z and y. Similarly, a local geodesic is the image of a local
isometry [0, L] — X, L > 0.

A geodesic metric space is by definition a metric space in which every pair
of points (x,y) can be connected by a geodesic. If every pair of points (z,y)
with d(z,y) < D can be connected by a geodesic, then (X,d) is called D
geodesic.

A geodesic triangle in (X,d) consist of three points z,y,z € X together
with three geodesics [z,y], [z, 2], [y, z2]. The perimeter of such a triangle is
the sum d(l’, y) + d(y7 Z) + d(z7 .%')

Let M2 be the unique complete, simply connected two-dimensional Rie-
mannian manifold of constant curvature x and D, its diameter, i.e. D, = oo
if Kk <0and D, = ﬁ if kK > 0. If the diameter of a geodesic triangle is less

than 2D, then there exists a comparison triangle Z,¢, in M2 such that
d(z,9) = d(z,y),d(z,2) = d(z,2),d(g,2) = d(y,z). Given p € [z,y],q €
[x, z], there are uniquely defined comparison points p € [z, 9], ¢ € [Z, Z] such
that d(z,p) = d(x,p),d(Z,q) = d(z, q).

Definition 2.1. o A metric space is a CAT(k)-space if it is D,, geodesic
and for all geodesic triangles (x,y, z, [x,y], [z, 2], [y, 2]) of perimeter
less than 2D,; and all points p € [z,y],q € [z, 2]

d(p,q) > d(p, q).

e X is said to have curvature bounded from above by k if for each x € X,
there exists r > 0 such that B(z,r) = {y € X,d(y,x) < r} with the
induced metric is a CAT (k) space.

e X is said to have curvature bounded from below by k, if it is geodesic
and each point has a neighborhood U of diameter less than D, such
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that for all geodesic triangles (z,y, z, [x,y], [z, 2], [y, z]) contained in
U and all points p € [x,y],q € [z, Z]

d(p,q) < d(p,q).

In intuitive terms, small triangles in a space of curvature bounded from
above (below) are “thinner” (“fatter”) than triangles in M2.

A first difference between these two kinds of curvature bounds is that in
the case of lower curvature bounds, one has a globalization theorem which
states that the triangle comparison holds even in the large. This theorem is
also known as Toponogov’s theorem.

In a space X of curvature bounded from above, local geodesics can be ex-
tended under weak topological assumptions. If for each point x € X there
exists 7 > 0 such that the set B(z,r) \ {z} is not contractible, then local
geodesics can be extended indefinitely. The assumption holds, for instance,
if X is a topological manifold or a homology manifold. We say in this case
that X has the geodesic extension property. We note further that local
geodesics of length at most D,; in a CAT(k)-space are geodesics.

2.2. Densities in spaces with curvature bounds. For later use, we will
prove some propositions concerning densities in spaces with (upper or lower)
curvature bounds.

Proposition and Definition 2.2. Let X be a space of curvature bounded
from above by k € R which has the geodesic extension property. Then for
all x € X and all real o > 0, the limait

0 (X, z) = lim T B@: 7))

r—0 bore

€ [0, 4o0]

%
r(5+1)
and H® denotes a-dimensional Hausdorff measure. This limit is called the
a-dimensional density of X at x.

exists, where b, = is the volume of the “a-dimensional unit ball”

Proof: The curvature bound implies that there is some Ry such that the
ball B(z, Rp), endowed with the induced metric, is a CAT(k) space. By
shrinking Ry if necessary, we can suppose that Ry < D.

Given 0 < r < R < Ry, let & : B(z, R) — B(z,r) be the map that sends y
to the point 3’ on the (unique) geodesic [z, y] which is at distance Ld(z,y)
from z.

We claim that @ is surjective. To see this, choose ¢y’ € B(z,r). The geodesic
between x and 3’ can be extended to a local geodesic v of length gd(a:, y') <
Ry < D,,. In a CAT(k) space, every local geodesic of length at most Dy, is
actually a (global) geodesic, see ([9], Prop. II 1.4). It follows that v is a
geodesic. If y denotes its endpoint, ®(y) = y'. This proves surjectivity.

If k <0, the CAT(x)-inequality implies that d(®(y1), ®(y2)) < Fd(y1,y2).
Therefore, the a-dimensional Hausdorff-measure of the image of @ is at most
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()" H*B(y, R). Since ® is surjective, it follows that
HO(B(y.r) _ H(B(y. R))
bor® - bR

from which the claimed existence of the limit follows.

If kK > 0, the argument is similar, although a bit more technical. We need
the following lemma, taken from ([9], Lemma II 3.20).

Lemma 2.3. For each k € R, there exists a continuous function Cy :
0,Dx) — R>0 such that limp 0 Cx(R) = 1 and for all z € Mg) all
y1,Y2 € B(z,R) and all 0 < e <1

Cu(R)ed(y1,y2) < dey, eya) < Cr(R)ed(y1,y2),

where ey; denotes the point at distance ed(z,y1) from x on the geodesic
between x and y; .

We return to the proof of the proposition. The lemma and the CAT(k)
inequality imply that d(®(y1), ®(y2)) < Cx(R)zd(y1,y2). Therefore,

H*(B(z, 1)) H*(B(z, R))
< Ck @ , 1
bar® < Oul(R) ba RY L
and the existence of the limit follows from limgr_,o Cx(R) = 1. 0

Proposition 2.4. Let X be a metric space with curvature bounded from
above by k which has the geodesic extension property. Then the function
On : X +— [0, 00] is upper semi-continuous for all real numbers a > 0.

Proof: Fix some z € X. It is sufficient to show that for all § € [0, 00)
and all sequences y1,y2, ... converging to x, 0,(X,y;) > ¢ for all ¢ implies
0o (X,z) > 0.

Let € := d(z,y;). By triangle inequality, B(y;,r — €;) C B(x,r). We fix
r > 0. For all sufficiently big ¢, we have ¢; < r and
€ o
HOBGr) | OBl —a) . (1-%)°

bore - bare C,@(’f' - Ei)a

Letting 7 tend to infinity, we get
HY(B(zx,r)) S )
bar® = Cu(r)’
Taking the limit on both sides as r — 0 and using lim, o Ck(r) = 1 we
finally obtain 6,(X,z) > 4. O

The situation in spaces with curvature bounds from below is quite similar.
The corresponding proposition is the following.

Proposition 2.5. Let X be a space with curvature bounded below by k € R.
Then for each € X and each o > 0, the limit

Bu(X, 7) = lim L P:T))

r—0 bar®

€ [0, 4o0]

exists. The function x — 0,(X,x) is lower semi-continuous.
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Proof: Consider for 0 < r < R the map ® : B(z,R) — B(x,r) which
sends a point y in B(z, R) to the point at distance L d(x,y) from x on some
geodesic between z and y. Since geodesics in spaces with lower curvature
bounds need not be unique, this map is in general neither unique nor con-
tinuous. But the Alexandrov inequality combined with Lemma 2.3 imply
that

A(®B(y1). D) > Cu(R) ™ Ll 32).

Passing to the a-dimensional Hausdorff measure yields
H*B(z,r) _oH*B(z, R)
Mt St VA Ml Sk Ry
bore T Cr(R) bo R

This inequality implies the existence of the limit for » — 0, since limp_,o Cx(R) =
1.

The upper semi-continuity is proved in a similar way as in the case of upper
curvature bounds. It is enough to show that for all § € [0,00) and all
sequences Y1, Y2, . . . converging to x, 0, (X, y;) < 0 for all ¢ implies 0, (X, x) <
0.

Set €; := d(x,y;). By triangle inequality, B(z,r) C B(y;,r+¢;) and therefore
H*B(z,r) < HB(yi, T + €)
baT® T b (r+€)”

Letting ¢ tend to oo, and afterwards letting r tend to 0, we get 0, (X, z) < .
O

(1 + %)a < Cr(r + ) (1 + %)aé.

2.3. Quasi-geodesics. In spaces with lower curvature bounds, geodesics
can not be extended in general, even if the space is a topological manifold.
We therefore use quasi-geodesics as substitute for geodesics. The following
lemmas and propositions are taken from [21] and [22].

Definition 2.6. Let X be a metric space with curvature bounded from below
by kK € R. A quasi-geodesic in X is a curve 7y, which is parametrized by
arclength, such that the following condition holds:

Given points x € X,y1 = y(t1),y2 = Y(t2),y3 = v(t3), t1 < ta <t3,t3 —t; <
d(z,y1)+d(z,y3) < 2D, — (t3 —t1), choose a comparison triangle T, 91, ys €
M? such that d(Z,71) = d(z,y1),d(Z,73) = d(x,y3),d(71,73) = t3 —t1 and a
comparison point gz on [y1, ys] such that d(ga, 1) = to—t1,d(G2,7s) = t3—ta.
Then d(x,y2) > d(Z, 72).

The assumption on the distances is made in order to have a triangle inequal-
ity for the comparison triangle Z, 31, ¥3.

As a consequence from Alexandrov’s lemma ([9], I 2.16), we get the following
lemma, which will be central in the proof of Theorem 1.

Lemma 2.7. Let vy be a quasi-geodesic in X. Let x,y1,y2,y3 be points as in
the definition of quasi-geodesics. Define Zy,(x,y1) to be the angle at o of a
comparison triangle %, 91,72 € M? such that d(Z,71) = d(x,y1),d(Z,J2) =
d(z,y2),d(y1,y2) = t2 — t1. Define Zy,(x,y3) in a similar way. Then
492 (.@, yl) + 43/2 (.1‘, y3> <.
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O

We now come to the important question when a quasi-geodesic can be ex-
tended. First note that each point in a metric space with lower curvature
bound admits a tangent space T, 1;4X (in further applications, there will be
another notion of tangent space and we write the superscript A to avoid con-
fusion). It is defined as the cone over the completion of the set of germs of
geodesics starting from this point, with the (Alexandrov) angle as distance.
Two vectors vy, vy € T;‘X are said to be polar if Z(vi,w) + ZL(va,w) < 7
for all w € TI;“X.

A right tangent vector at s of a Lipschitz curve « is a limit point of {% log,,(s) ~v(s+
t),t > 0}. Left tangent vectors are similarly defined. Here log, y is defined

as the point at distance d(z,y) from the origin on the image of a geodesic
between x,y in T;f‘X . In general, log is a multi-valued function, since there
may be several geodesics between = and y. In the same way, a curve can
have different tangent vectors. But for quasi-geodesics, this phenomenon
can not occur:

Lemma 2.8. If~ is a quasi-geodesic, then left and right tangent vectors are
unique and polar for all s.

The two main properties of quasi-geodesics are the following.

Proposition 2.9. Gluing

Given two quasi-geodesics 1 : (—€,0] — X, 72 : [0,¢) — X such that v1(0) =
v2(0) and such that the left tangent vector of v1 at 0 and the right tangent
vector of v2 at O are polar. Then the concatenation of y1 and vy is a quasi-
geodesic.

Proposition 2.10. Existence
For any x € X,v € T;‘X, |lv|| = 1, there exists a quasi-geodesic starting at
x with initial right tangent vector v.

Corollary 2.11. Let v : (—¢,0] — X be a quasi-geodesic such that x = ~y(0)
1$ a reqular point, i.e. T{lX is Fuclidean space. Then v can be extended
beyond x.

3. SUBANALYTIC SPACES, STRATIFICATIONS AND GENERALIZED TANGENT
SPACES

3.1. Subanalytic sets. For the convenience of those readers who are not
familiar with the theory of subanalytic sets, we will collect some facts which
will be used in the sequel. Several good introductions into the theory of
subanalytic sets, semialgebraic sets and o-minimal structures are available,
see for instance [7],[15], [8].

Let M be a real analytic manifold. A subset X C M is called semianalytic if
each point x € M admits an open neighborhood U C M such that X NU =
Ui N {gi; > 0} N {f; = 0} with (finitely many) analytic functions g;;, f; :
U — R. The image of a semianalytic set X C N under a proper analytic
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map N — M, where N is a real analytic manifold, is called subanalytic
subset of M. The space of subanalytic subsets of a real analytic manifold
is closed under finite intersections, finite unions, taking complements and
taking closures. Moreover, the image of a subanalytic set under a proper
real analytic map is subanalytic.

We will need in this paper the fact that subanalytic sets have nice stratifi-
cations and that strata of codimension 1 behave very regularly.

3.2. Whitney- and Verdier-stratifications. Let M denote a real ana-
lytic manifold. A set X C M is called stratified, if X can be written as
disjoint, locally finite union of submanifolds of M, called strata, such that
the boundary of each stratum is a union of strata.

For instance, a closed submanifold of M is a stratified set, with one single
stratum. A submanifold with boundary has two strata: the smooth part
and the boundary part.

Without imposing further conditions, not much can be said about stratified
sets. The most common one is the following.

Definition 3.1. A stratified subset X of a smooth N -dimensional manifold
M satisfies Whitney’s condition B at x € X, if for all pairs S, S2 of strata
with x € S1, and one (and then each) smooth chart ¢ : U — RN around z,
the following condition is fulfilled:

Let (zk)keN, (Yk)ken be two sequences of points with xy, € S1 N U, yx € Sa N
U,z # Yp, limg_oo xp = limg_0o Yy = x such that the lines ¢(xk)d(yk)
converge to a line L and such that the tangent spaces dey, (T,,S2) converge
to a limit space T'. Then L C T.

The space X is said to satisfy condition B if this is the case for each x € X.

Whitney’s condition B has strong topological consequences, for instance it
implies local topological triviality along strata (see [23], 3.9.3. for a proof
of this result of Thom and Mather and further information). But for the
study of metric properties, Verdier’s condition gives more information.

Recall that the vector space distance between two vector spaces T and U
of RY is defined by §(T,U) := supyer,|j¢g|=1 d(t, U). In general, ¢ is not
symmetric, but when restricted to subspaces of the same dimension, § is a
metric.

Definition 3.2. A stratified subset X of a smooth manifold M of dimension
N satisfies Verdier’s condition at x € X, if for each pair of strata S1, S with
x € S1 and one (and then each) smooth chart ¢ : U — RN around x, there
exists an open neighborhood U' C U of x and a constant Cyergier > 0 such
that for all 2’ € S;NU" andy € SoNU’

0(dar (T S1), dy(TyS2)) < Cveraier | d(2") — d(y)ll. (v)
The set X satisfies Verdier’s condition if this is the case for each r € X.
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In the subanalytic context, Verdier’s condition is stronger than condition
B: namely any subanalytic stratification of a subanalytic set which satisfies
Verdier’s condition also satisfies condition B. Moreover, each subanalytic set
has such a Verdier stratification ([24]).

3.3. Quasi-regular boundary points.

Definition 3.3. Let M be a smooth manifold of dimension N and let X be
an n-dimensional C-submanifold of M. Then a boundary point x € X \ X
is called regqular boundary point, if the germ of X at x is C'-diffeomorphic
to the germ at 0 of the set {x € RN .z, > 0,2p+1 =+ =2ay =0}

The point x is called quasi-regular boundary point, if there exists a neigh-
borhood U of x such that

a) UNX\ X is a C* submanifold of dimension n — 1,
b) UN X has finitely many connected components I'y, ..., Ty, and
c) x is a reqular boundary point of each I';,i =1,... k.

The theorem of Pawtucki relates condition B and quasi-regularity.

Theorem 3.4. (Theorem of Pawtlucki, [20])

Let X C M be an n-dimensional Whitney B stratified subset of the smooth
manifold M. Let x € X be contained in an n — 1-dimensional stratum and
let S be a highest (i.e. n- )dimensional stratum such that x is contained in
the boundary of S. Then x is a quasi-reqular boundary point of S.

In fact, Pawlucki’s Theorem is a bit more general, but we will only need the
above version of it.

3.4. Generalized tangent spaces and local description at regular
points. Let X be a compact n-dimensional subanalytic subset of the real
analytic N-dimensional manifold M. Choose a subanalytic stratification of
X such that Verdier’s condition is fulfilled. Then Whitney’s condition B
is fulfilled as well (see above). By Pawtucki’s theorem, each point = of a
stratum S of dimension n — 1 is a quasi-regular boundary point for each n-
dimensional stratum which has S on its boundary. This implies that there
is some open neighborhood V' of z in M such that V' N (X \ S) has a finite
number of connected components and x is a regular boundary point of each
of them.

Let I' be one such component. The fact that x is a regular boundary point
implies that (after shrinking V if necessary) there is an open set V/ c RY
and a C!-diffeomorphism ¢ = (¢1,...,¢n):V — V' suchthat I = {p € V :
dn(p) > 0,0n41(p) = -+ = ¢n(p) = 0}. Shrinking V again, we can suppose
that N :={p €V : ¢ps1(p) = = ¢n(p) = 0} is a C'-manifold.

The tangent space T, N is then well-defined and is called tangent space of I’
and denoted by T,I'. It is an n-dimensional subspace of T, M and inherits
the natural Euclidean metric from T, M. The tangent space 7,5 is an n —1
dimensional subspace of T, N (this follows from Whitney’s condition B).
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Let vy be the unit vector in 7,,I' which is orthogonal to T,S and such that
don|s(v4) > 0. We call vy the inner pointing normal vector of S at x with
respect to I'. We can write T,I" as orthogonal sum: T,I' =T,5 & Ru,.

Definition 3.5. The second fundamental form of S is the sum over the
second fundamental forms II,, for all inner pointing normal vectors of S
with respect to the components T' of V. N (X \ S). Here, 11, denotes the
second fundamental form of S in direction v.

Let us now suppose that M = RY is Euclidean space with the canonical
metric. Using the implicit function theorem (after shrinking V' if necessary),
we get that the orthogonal projection P = Pr, |y from N to TN is a C*'-
diffeomorphism. The image of I' under this projection is clearly given by
{p € TyN : ¢,0 P~(p) > 0}. We note that ¢,,0 P! is a C''-function. Using
the implicit function theorem, we get a C''-function g : T,S — R such that

P(T) ={p= (p1,p2) € TuN =TS &R : g(p1) > p2}.

We claim that ¢ is even a smooth function. To see this, note that the
restriction of P to S is smooth, since S is a smooth submanifold. Therefore
the image of S under P is a smooth submanifold of T, /N, which equals the

set {(p1,p2) € T,N : g(p1) = p2}.
Let us summarize what will be needed in the sequel from this section.

Corollary 3.6. Let X be an n-dimensional compact subanalytic subset of
RN, the latter being equipped with its standard metric. Then there exists a
stratification of X satisfying Verdier’s condition. For each point x € X in a
stratum S of dimension n — 1, there exists an open ball B = B(x,r) around
x, such that the following conditions are fulfilled.

a) The intersection BN(X\S) is a finite union of connected C' manifolds
with boundary BN S.

b) For each such manifold T there exists a unique limit tangent space at
x, which will be denoted by T,I". This means that limy_, yer T, —
T,T.

c) We have an orthogonal splitting T,I' = T,S @ Ruy where vy is the
inner pointing normal vector of S with respect to I'.

d) The projection from T to T,T is given by the set {(p1,p2) € T,I' N
Pr(B) : g(p1) > p2} with a smooth function g : TS N Pr(B) — R.

e) Verdier’s condition (v) is fulfilled with some constant Cy ergier > 0 for
allz’ e SNB,ye'NB.

f) Whitney’s condition is fulfilled with some constant Cywpitney > 0 in
the following form: for ally € T'NB, || Pr,r(x—y)|| > Cwhitney ||z —y||-

4. ASYMPTOTIC BEHAVIOR OF ANGLES

Given a point x in an n — 1-dimensional stratum S of a Verdier stratified
n-dimensional compact subanalytic subset X C RY, we choose a ball B
around z as in Corollary 3.6. Then BN (X \ S) is a finite union of connected
C'! manifolds with boundary BN S. Let I' be one such manifold.
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Consider a rectifiable curve v : [0, tmae) — I'NS with tye: > 0,7(0) = x.
We suppose that « is parameterized by arclength and that the inner pointing
normal vector vy of S with respect to I' is the unique tangent vector of
at 0, i.e. that y(t) = x + tvy + r(t), where r : [0, t;az) — RY is a function

Hf‘(t)ll

such that lim; . = (0. In later applications, v will be a geodesic or a

quasi-geodesic.

With S being smooth, there is a real s;q, > 0 such that the exponential
map of S at x is defined for all vectors of norm at most S;q, > 0. Let
v € TS be a unit tangent vector of S at z. Define the curve § by §(s) :=
exp,, s, |s| < Smae. Note that I, (v,v) = (8"(0),vy).

For fixed s, t we consider a comparison triangle in M? (if it exists) A(&, 5(s), (t))
with side lengths d(, 3(s)) = d(x, 8(s)), d(z,5(1)) = t, d(3(s), 3(t)) = d(8(s),1(1)).
This is not a comparison triangle in the usual sense, since t can be bigger

than d(x,v(t)). We do not know for the moment if such a comparison trian-

gle exists, since triangle inequality could be violated. But in the case that

we will consider, triangle inequality will be trivial.

We denote by VA (6(s),~(t)) the angle at Z of the comparison triangle
Az, 5(s),7())-

The following proposition relates the asymptotic behavior of this angle with
the second fundamental form of S in direction v .

Proposition 4.1. Given § > 0, there exist C; = C1(d, z, B,7) > 0 such that
for all C > C

lim sup% cos £ (B(s),7(Cs?)) + cos L (B(—s), 7(Cs?)) — sIl,, (v,v)| < 0.

s—0

It is easy to see that both angles in the lemma tend to §, so the sum of
the cosines tends to 0. The proposition gives an estimate on the deviation
from 0. This deviation is determined up to a small error term by the second
fundamental form. Once we have further information about these angles,
for instance in the presence of upper or lower bounds of the curvature in
Alexandrov’s sense, we can use this lemma to obtain bounds on the second

fundamental form.
Proof:
Step 1:

Let Pr denote the orthogonal projection from R to the limit tangent space
T,I'. By Corollary 3.6, PrI' is given by the points {(p1,p2) € T,I'N Pp(B) :
9(p1) < p2}-

With z, 8 fixed we can choose positive constants Cy, C's, Cy, C5 such that for
all s of sufficiently small absolute value we have the following bounds:

a) s > d(w,(s)) = [l = B(s)|| = s — Cos®

b) [|8(s) — 2~ 55'(0) — 58"(0) | < Cys?

c) (PrB(s) — z,vi)| < Cus?
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d) || grad g(y)|| < Css for all y € T,.S with ||y — z|| < s.

This follows from a Taylor expansion of 5 and the fact that §'(0) L v.
We set

Cl - Cl(é,fC,ﬁ,’y)
4C?3

1 205 + 200 + {B"(0), vy)? + ggrestie
= sup 5<5”(0), v4),4C5 + 2CYy, 5 W hitney

Fix some C' > (.

Step 2: To find a lower bound for d(3(s), 7(Cs?)), we will use the Euclidean
distance. To find an upper bound, we will project I' to the tangent space
T,T, join the images of 3(s) and «(Cs?) by a straight line and lift this line
to a curve in ['US. To estimate its length, we will need Verdier’s condition.
Let us come to the details.

In T,T, we consider the line u +— (1—u)Ppy(Cs?)+uPrp(s),0 <u < 1. We
claim that for sufficiently small s > 0, it is contained in (PrT'UPrS)NPr(B).

To prove the claim, consider the smooth function h(u) := (1 — u)p2 + uga2 —

9((1 = w)p1 + uqr), where Pry(Cs?) = (p1,p2) and Prf(s) = (q1,¢2) with
respect to the splitting 7,,I' = T,,S @ Rvy. Note that (1) = g2 — g(q1) =0,
since Prf3(s) € PrS.

From the asymptotic of v and the inequalities above, we infer that for suf-
ficiently small s > 0, ||p1 — z|| < s,p2 > %052, lar — z|| < s,|qe| < Cys?.

If there is a zero of h in (0,1), there would be a zero & € (0,1) of the
derivative of h. Then

1
5082 — Cys* < g2 — po| < |lgradg((1 — E)p1 +Eqr) | - lan — p1| < 20587,

which contradicts the choice of C. Since h(0) > 0, we must have ~ > 0 on
(0,1) which proves the claim.

Define the smooth curve 7, : [0,1] — X as the lift of the line to ' U S, i.e.
by ns(u) € T'US; Prs(u) = (1 — u)Pry(Cs?) + uPrp(s). Clearly ns is a
curve between (3(s) and v(Cs?), therefore d(3(s),v(Cs?)) < length(ns).

Step 3: Let Qs = (PT)|T7,S(H)F : Ty, — T denote the orthogonal
projection and Q;}q 1Tl — T, T its inverse.

The distance from x to the line between Prvy(Cs?) and Prf3(s) is clearly
bounded by max{s, Cs?} and tends to 0 for s — 0. From Corollary 3.6, f),
it follows that the distance from x to 7, also tends to 0 for s — 0.

Using the convergence of the tangent spaces we obtain some strictly positive
continuous function ¢eont : (0,00) — R with lims_o ¢eont(s) = 0 such that
for all w € (0,1) and all sufficiently small s > 0 we have [[Id — Q|| <

¢cont (S) .
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Step 4: The derivative of n, at a point 0 < u < 1 is given by the orthogonal
lift of the vector w := Prf(s) — Pry(Cs*) € T,T to T, (,yI'. According to
the orthogonal splitting T,,I' = T,,.5 ® Rv,, we decompose w = w1 +ws with
wy € TS and wy || vy. Then Q; tw = Q, tw + Qy Lws.

The reason we do this is that for the lift of w; we have a strong estimate
coming from Verdier’s condition. For the lift of wy, there is only a weaker
estimate induced by the continuity of the tangent map. On the other hand,
|wa|| is very short compared to ||w ||, so that we finally will get a good upper
bound for the length of the lift.

Let us first consider the projection P, ) wi of wy to T, () I'. From Verdier’s
condition, we get

w1 = Py wywill < Cverdier |z — ns(w)]] - [lwl.

With @ := w; — PTPnS(u)wl we get
@] < [[wi = Py, ywill < Cverdierllz — ns(w)]] - [lw ],
since Pr is a projection and Prw; = ws.
Therefore
lQuswr — w1l = 1|Qy 4@ + Py uywr — wi

< 1Qus@ll + Cverdier |z — ns(w)]] - [Jwi

< (1 + Geont () 1@0[| + Cverdier |2 — ns(w)]| - [lwil]

< (2 + ¢eont(5))Cverdier |7 — ns ()| - [Jw |-
The lenlgth of wy is bounded by ||w| and, supposing that Cs? < s, i.e.
s<C™ 7,

lz = ns(@)l < Ciphimeyllz = Pros(@)ll < Ciphine,s-

On the other hand, by Step 3,

[wz = Qswz2]| < Geont(s)[|w2]-
The norm of ws is bounded by
]l = (w0, v4)
= |(Pry(Cs?) — Pra,vi) — (PrB(s) — z,vy)|
< |U(Cs?) — a] + Cys?
< Cs? 4+ Cys%.

It follows that

HTU_Q;;U}H < OVerdier(2+¢cont(3))Cv_Vlhimey3HwH+¢cont(3)(c+c4)32~ (2)

Step 5: We need the asymptotic development for ||w||?. Complete vy and
v to an orthogonal base v, v,v1,...,v,—2 of T,I'. Then ||w|? = (w, v, )% +

<w7 U>2 =+ Z?:_f (w, Ui>2'
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82
'<w,v+> S (0).0) + s+ () 02)
52
< \<PTﬂ<s> s = (30,000 + (@ = Pry(Csd), v,) + Cs? + (r(Cs), )
<(C3s3 =0
) < 0353. (3)

Since 3 is a geodesic on S, 4”(0) L T,.S and therefore
[(w,v) — s + <T(C$2),v>} < (PrpB(s) —x — sv,v)| < C3s>.

Fori=1,2,...,n — 2 we obtain

[(w,vi) + (r(Cs?),vi)| = (Prf(s) — z,v:)| < C3s°,

ie. (w,v;)% < o(s?).

From the preceding estimates, we get for s — 0,

|w|? < s*—25(r(Cs?),v)+s* (02 + i(ﬁ”(O), v )2 = C(B"(0),v,) + 203) +o(sh).
(4)

Similarly,

1

L 870y, 04)? — 15" (0), 04 203) To(sh.

|w||? > s*—2s(r(Cs?),v)+s <02 1

As a first consequence we have |lw| > 1s provided s is sufficiently small.
Replacing this into equation 2, we get with Cg = Cg(s,C) := Cyergier(2 +
(Jscont(s))c{;/lhitney + 2¢cont(5)(0 + 04)

lw — Qg swl| < Cos|lwl.

1

By construction, we have the orthogonal decomposition Q[Léw = wH(Qy sw—

w) from which we deduce
Q% swll* < (1+ CEs?) w]*.
It follows that the length of the curve 75, and hence the distance between
B(s) and y(Cs?) is bounded by
d(B(s),7(Cs*)* < (1 + Cgs®)||wl|?
< 52— 25(r(Cs?),v)+

#5t (€24 L0700 - CF"0). 1) + 20 + CF ) 4 o).
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On the other hand, since Pr does not increase distances,
d(B(s),7(Cs*)* = ||w]?
> 52— 25(r(Cs?),v)+

+ st <CQ + %(ﬁ”(o),u)Q —C{B"(0),vy4) — 203> + o(s%).

Step 6: Replacing this into the formula for the cosine in the case k = 0
yields
C3

cos ZO((5)2(Cs) < 5 (80 04) + 252 ) + Gz r(C32),0) +o(0)

The angle cos 4;0)(6(—3), 7(Cs?)) can be bounded in a similar way, taking
care that now we have to use —v instead of v. The result is

cos ZO(B(-3),9(C) < 5 ((0"0).00) 425 ) = 3 (rCs).0) + o).

Taking the sum of both inequalities and passing to the lim sup, we obtain

lim sup 1 <cos ZO(B(s),7(Cs?)) + cos £ (B(~s), 'y(Cs2))>

s—0 S
20
< (8"(0),04) + =57 < (8"(0),v04) + 0.
Using the upper bound for d(3(s),v(Cs?)) and proceeding as before (taking

into account that lims_,o Cs(C, s) = QCVerdieer_Vlhitn ey), we also get

lim 'éqf % <cos ZO(B(s),7(Cs?)) + cos £ (B(~s), 7(032))>

S—>

2C: + 2C. 1 202 erdier
> (B"(0), 04 )= =5 = 55 (8"(0),04)° = S rertien > (57(0), 04) =0,
W hitney

This finishes the proof of Proposition 4.1 in the case kK = 0. The general
case then follows easily from the following lemma.

Lemma 4.2. Let 4(“)(a, b, c) denote the angle (in face of ¢) of a triangle in
M? with side lengths a,b,c,a > b > 0. Then

lim 1 (cos /O (a,b,¢) — cos 25 (a, b, c)) =0.

a,b—0;a>b a

Proof of the Lemma: The case k = 0 is trivial, so let us assume x # 0.
We set cosy, () := cos(y/kx), sing(z) := sin(y/kx) (if & < 0 this is still defined
as a complex-valued function).

The law of cosines in M2 reads ([9], I 2.13)

COSy, C — COSk @ COSx b

cos 2 (a,b,c) = sin, asin, b

Replacing the Taylor development cos,(z) =1— /{%2 + D isa a;z’, sin, () =
VEx =) ;55 biz’ in this formula we easily get the statement of the lemma,
and hence the general case of the proposition. O
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5. PROOF OF THE COMPARISON THEOREM IN THE CASE OF AN UPPER
CURVATURE BOUND

We recall that M is a real analytic manifold with a Riemannian metric g
and X C M an n-dimensional compact connected subanalytic subset. We
suppose that X is a topological manifold. The metric g induces on X an
inner metric, denoted by d.

Using a local real analytic isometric embedding of M in an Euclidean space,
we can suppose that M = RV,

5.1. Proof of K <k = ric < (n—1)k.

We suppose that X has curvature bounded from above by x in the sense
of Alexandrov (see Section 2). Since the density function is upper semi-
continuous on such a space, and since §(X,z) = 1 for a dense set of points,
namely for all points in highest-dimensional strata, we get (X, z) > 1 for
all x € X.

Choose a stratification of X according to Corollary 3.6.

Since the condition on the upper curvature bound is a local one, the sectional
curvature of each highest dimensional stratum is bounded from above by k.
It follows that the Ricci curvature of such a stratum is bounded from above
by (n — 1)k.

Now consider a stratum S of codimension 1 and = € S. From the local
description given in Corollary 3.6, we get some small r > 0, such that
B(z,7)N (X \ 9) is a finite union of connected C''-manifolds with boundary
B(z,r) N S. The fact that X is a topological manifold implies that there
are exactly two such manifolds, denoted by I'1,I's. Let vi denote the inner
pointing normal vector of S with respect to I';,7 =1, 2.

Suppose there is a geodesic v : [0, tyae) — S U with v(0) = = and such
that vl is the unique (right) tangent vector of v at 0. Metric spaces with
upper curvature bound which are topological manifolds have the geodesic
extension property. We deduce that v can be extended to a geodesic v :
(tmins tmaz) — X, tmin < 0 < timae. It is intuitively clear that the negative
part of v will be in I'y and that the left tangent vector of v at 0 is vi. In
fact, this is a consequence of the law of reflection of [2]. It also follows from
it that there is a dense set of points x through which passes such a geodesic.

There is a real number S,,,, > 0 such that the exponential map of S at x
is defined for all vectors of norm at most S, > 0. Let v € TS be a unit
tangent vector of S at . Define the curve 3 by ((s) := exp, sv, [$| < Smaz-

Let § > 0 be given. Then, by Proposition 4.1, there exists a C; > 0 such
that for all C > C4

lim sup% cos Z{(B(s),7(Cs?)) + cos LD (B(—s), 7(Cs?)) — sl (v,v)] <.

s—0

In this inequality, the angles denote comparison angles in the classical sense,
since the geodesic property of v implies that d(x,~(t)) =t for all ¢ > 0.
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Applying the same proposition to I's, there is a Cy > 0 such that for all
C > (O3 the same inequality is satisfied with v(Cs?) replaced by v(—Cs?)
and v} replaced by v2. We choose C' > max{C1, Cs}.

The upper curvature bound and the fact that v is a geodesic imply that for
s > 0, the sum of the angles 45@(5(3),7(032)) and 4&”)(5(3),7(—032)) is
at least 7. From the monotony of the cosine function, we get

cos Z49(B(5),7(Cs%)) + cos L7 (B(s),7(=Cs*)) < 0,
and similarly

cos Z89(B(=s),7(Cs*)) + cos L8 (5(—s),7(~Cs?)) < 0.

Replacing this into the inequality above implies that I1(v,v) < §. Since
0 > 0 and v were arbitrary, we finally have IT < 0.

From Corollary 3.6 a) we deduce that the vectors v, and v_ depend con-
tinuously on the base point x, therefore I1 depends continuously on z. We
conclude that 717 <0 on all of S. O

5.2. Proof of K < k implies F < (";1)/1. On highest dimensional strata,
the implication is easy and classical. As above, the density is at least 1 in
each point. On strata S of codimension 1, we get by the above reasoning
that IT < 0 and this implies that tr [Tg|s — IT < 0. O

5.3. Proof of ric < (n — 1)k = s <n(n—1)k.

Now suppose that X has Ricci curvature bounded from above by (n — 1)k.
On highest dimensional strata, this implies that the classical Ricci curvature
is bounded from above by (n — 1)k and then the classical scalar curvature
is bounded from above by n(n — 1)k. On strata of codimension 1, the
upper Ricci-curvature bound means that the second fundamental form is
non-positive, therefore the same is true for mean curvature of such a stratum.
Finally, by definition, the density at each point is at least 1. O

5.4. Proof of E < (";")k = s <n(n— 1w (if dim X > 3).

Just take the trace of E on highest-dimensional strata and the trace of
trI1g|s — II on strata S of codimension 1. The argument breaks down in
dimension 2, since then £ =0 and trIIg|s — I = 0. O

6. PROOF OF THE COMPARISON THEOREM IN THE CASE OF A LOWER
CURVATURE BOUND

6.1. Proof of K >k = ric> (n— 1)k.

Suppose that X has sectional curvature bounded from below by £ € R in
the sense of Alexandrov (see 1.1). We want to show that its Ricci curvature
is bounded from below by (n — 1).
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Choose a stratification according to Corollary 3.6. On highest dimensional
strata, Alexandrov’s condition is equivalent to the classical sectional curva-
ture being bounded from below by . And this implies that the Ricci tensor
is bounded from below by (n — 1)kg.

Every point in a highest-dimensional stratum has density 1. From the lower
semi-continuity of the density function in Alexandrov spaces of curvature
bounded below, we get that the density is at most 1 at each point.

Again, as in the case of an upper curvature bound, the difficulty lies in the
strata of codimension 1. Let x € S be a point in a stratum of codimension
1. Locally, we again have the description of Corollary 3.6. Suppose that y
is a point in I'y such that x is the nearest point to y on S. This will happen
for a dense set of points z, as was indicated in the previous section.

Connect x and y by a geodesic 7. If we can extend v beyond z, then we
can proceed as in the case of an upper curvature bound and use Proposition
4.1 to show that the second fundamental form of S at the point z is non-
negative. There is, however, the problem that in general v can not be
extended. On the other hand, what we really need to accomplish the proof
along the same lines as in the case of an upper curvature bound is not the
fact that ~ is a geodesic, but a certain behavior of angles which also holds
true for quasigeodesics, and quasigeodesics can be extended through regular
points.

There are two technical problems related to this approach. First we shall
show that a point x € S is regular in the sense of Alexandrov, i.e. its
(Alexandrov) tangent space is Euclidean space. Secondly, we need an as-
ymptotic formula of the form ~(t) = x + tvy + o(t) for a quasigeodesic
with (Alexandrov) initial vector vy. This will be achieved in the next two
lemmas.

Lemma 6.1. Let X be a compact subanalytic set. Suppose that X is an
n-dimensional topological manifold and that X has curvature bounded from
below by k € R in the sense of Alexandrov. Let x € S be a point in ann—1-
dimensional stratum of a Verdier stratification of X. Then x is regular in

the sense of Alexandrov, i.e. the Alexandrov tangent space is isometric to
R™.

Proof: Denote the Alexandrov tangent space of X at x by TAX.

Choose an orthonormal base vy, ..., v,—1 of T;.S. Fori=1,...,n—1, choose
a sequence yi,yé, ... of points in S with limit = such that Hzgﬁ:iﬂ — ;.
j

Denote by ; one limit of the sequence {log, y;'.,j =1,2,...}. Using —uv;
instead of v;, we obtain a limit ~/. For the moment, we do not know if these
limits are unique, but it will turn out from this lemma that they actually
are unique.

By Corollary 3.6, a small neighborhood of = consists of the union of S and
two Cl-manifolds I'y and TI'y, with corresponding normal vectors v}r and
vi. Choose a sequence of points y1,ys, ... in I'y converging to x such that
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o= — vl. Let v, € T2X be one limit of the sequence {log, y; € TAX}.
Using v2 instead of v}, we obtain a point 7}, € T2 X.

We claim that

o L(vivvy) 2 5,40 ) = 5, L) > G if i #
o L(vi,v))=mforalli=1,...,n.

We just sketch the proof of the claim (see [1] for more details). First, Whit-
ney’s condition implies that the (inner) distance from x to some point y € X
which is near x is nearly the same as the Euclidean distance. This means
that both differ by a factor which tends to 1 if y tends to x. The length
of the third side of a triangle zy1y2 can be bounded from below by the
Euclidean distance between ¥, ys. Passing to the limit, one obtains the in-
equality above. The equality is proved in a similar way for ¢ =1,...,n — 1.
For ¢ = n one uses the fact that y € I'y sufficiently close to x will lie in
a tubular neighborhood of S and that each geodesic between two points
y1 € I'1,y2 € T'y near x has to pass through S. We skip the (easy) details.

Now we can finish the proof of the lemma. By the second statement, we
get that the union of R,y and R,~| is a geodesic line in T X. From
the splitting theorem ([11], 10.5.1.), we get T/ X = R x Y for some non-
negatively curved space Y. The first condition implies that v;,~, € Y for
i = 2,...,n. Then we can apply the splitting theorem again to split off
another R-factor. Continuing this way, we finally get T, ;‘X =R"

The inequalities above show furthermore that the points v;,7/,i = 1,...,n

do not depend on the particular choice of sequences 1, 92, . . . and are uniquely
defined. O

Lemma 6.2. Let v, = lim;_ log, y;, where y1,y2,... s a sequence of
points of I'1 converging to = such that ﬁ — vk, Let v be a quasi-

geodesic starting at x with initial (Alexandrov) tangent vector ~,. Then

. t)—

lim; o 7()% = v1+.

Proof: Set t; := ||y; — z|| — 0. By definition of ~, and the uniqueness
of the tangent vector for quasigeodesics, bg%yi — v, and w = Yn.

t
Therefore

1— 00

1 1
i t; t;

The log-function is distance non-decreasing, which implies that

t; - t;

0.

Finally we get

0.

Y(ti) — x — tiv} < d(y(ti), yi) n lyi — x — tivi || -
t; - t; t;
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The same reasoning works for any sequence of points y1,¥s,... with y; —
x,y; € I'y, 2% — Ui, since 7, does not depend on the particular choice

llyi—zll
of such a sequence (see proof of Lemma 6.1). It follows that
t) —x — tu]
lim 2 Z T2t
t—0 t

O

We can now finish the proof of Theorem 1 in the case of lower curvature
bounds.

There is a dense set of points x € S such that there is a point y € 'y with
the property that = is the nearest point on S to y. By continuity of 17, it
suffices to show that I is non-negative on this set. Let z € S,y € I'5 be a
pair of such points.

Consider a geodesic between y and x. By simple variation arguments (which
are made explicit in [2]), v(t) = x + |tJv2 + o(|t]),t < 0. The last lemma
implies that the tangent vector in the Alexandrov sense is given by v/, €
T ;‘X = R". We can extend 7 as a quasi-geodesic beyond z, as x is regular
(see Lemma 6.1 and Corollary 2.11). The right tangent vector of ~ at 0 is
given by v,. The previous lemma applied to the positive part of v yields
the asymptotic behavior v(t) = x + tvl + o(t),t > 0.

Let v € TS be a unit tangent vector. Define the curve § by setting for
Is| < Smaz B(s) := exp, sv, where exp, is the exponential map of S and
Smae the injectivity radius of S at x.

Let § > 0 be given. Then, by Proposition 4.1, there exists a C; > 0 such
that for all C' > C}

lim sup% cos 29 (B(s),7(Cs?)) + cos L (B(—s), v(Cs?)) — .SIIU}r (v,v)] <.
5s—0

Applying the same proposition to I's, there is a Cy > 0 such that for all
C > C3 the same inequality is satisfied with v(Cs?) replaced by v(—Cs?)
and v} replaced by vi. We choose C' > max{C1, Cy}.

The fact that v is a quasi-geodesic implies that for s > 0, the sum of the

angles /) (B(s),7(Cs?)) and /) (B(s),7(=Cs?)) is at most 7 (see Lemma
2.7). From the monotony of the cosine function, we get

cos £ (B(s), 7(C's®)) + cos 207 (B(s),7(=Cs*)) > 0
and similarly
cos 28 (B(=s),7(C's*)) + cos Z89(B(—s),7(~C5%)) > 0.
Replacing this into the inequality above implies that I1(v,v) > —4. Since v
and 0 > 0 were arbitrary, we finally have I1 > 0.

The proof of the first part of Theorem 1 in the case of a lower curvature
bound is now complete.
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6.2. Proof of K > k implies E > ("51)/1. Again, the result is trivial

for strata of codimension 0. By the arguments above, each point in X has
density at most 1. On strata S of codimension 1, we have I1 > 0 and this
implies that tr IIg|s — 11 > 0. O

6.3. Proof of ric > (n— 1)k = s> n(n—1)k.

Suppose X has Ricci curvature bounded from below by (n—1)x. This implies
that on highest dimensional strata, the classical Ricci curvature is bounded
from below by (n — 1)k and therefore the scalar curvature is bounded from
below by n(n — 1)k. On strata of codimension 1, the lower Ricci curvature
bound implies that the second fundamental form and therefore also the mean
curvature is non-negative. Finally, the density at each point is at most 1
by definition of the Ricci curvature bound. We conclude that if the Ricci
curvature of X is at least (n — 1)k, then its scalar curvature is at least
n(n —1)k. O

6.4. Proof of £ > (”;1) = s>n(n—1)k (if dim X > 3).

Just take the trace of F on highest-dimensional strata and the trace of
trI1g|s — I1 on strata of codimension 1. As in the case of upper curvature
bounds, the argument does not work if dim X = 2, since then F = tr I Ig|g—
11 =0. O

This finishes the proof of Theorem 1 in the case of lower curvature bounds.
0.
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